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ABSTRACT :

OUTLINE :

By R. Sauer
.

An upproximatlon method for three-dimensional
axially symmetrical supersonic flows Is
developed; it Is based on the characteristics
theory (represented partly graphically, partly
analytically ). Thereafter this method is
apfdied to the construction of rotationally
symmetrical nozzles.

1. Introduction.

11. Development and description of’the method
1. Pot9ntial equation of the three-dimensional

axially symmetrical supersonic flow
2. Transfomaticn of the potential equation
3. Differential equations of the velocity

-components
4. !%ometrlcal interpretation
5. Reciprocal nets of lines (‘Strecken-

zugnetzen) of the field of flow and of
the field of velocity

6. principle of the approxim tion method
97. Nomogram for ~ and sin a

111..Applicatlon to the construction of rotationally
symmetrical nozzles
8. source flow i-nthe conical nozzle
9. Comparison with the exact solution

10. Correction for parallel outflow

IV. SummarY.

*nCharakteristlkenverfahren W r&amllche achsen-
symmetrlsche tierschallstr”tiungen, Zentrale * wissen-
schaftllches Berichtswesen b%er Luftfahrtforschung (ZWB)
Berlin-Adlershof / FernruX: 6 8211, Forschungsbericht
Nr.1269, z.Zt.Gottlngen, den J?.(3.1940.
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1. INTRODUCTION

The wlme stationary potential flows of comprefislble
gases whi=ve In every point of the flow field wtth a“
velocity larger than the local sound velocity can be treated
in a simple wag by using the approximate methcd of Prandtl
and EusemannL. The correspondhg tlipee-climensional
_=lal.1

“~
etrical problem is cf practical slCnificarme.

for the con~ ruc on Or rotationally symmetrical nozzles
and for the examination of the flow around missiles; so
far, however, it has been solve~ cnly in special cgses OF
under simplifying Sssumptionso The arial flow around a
cone was treated ind~pendently by A. Eusemanna, t+.1’.
2olmquard3, md G. 1.”Taylor - J. ‘;.b,ecolla; !!T..v.
K.&mEuI - E. B. hoore6 did exanlne the axial flr.wof
arb:trary slender bo~les cf revolution, but In linearized
apnroxihation c.nly;C. ?erraris su~~ested in the dis=
cussicn et the Volta-congress i~~5 en s~fircrlnation
met}lod for the sxial flow of hodles of revolution In
which k~ch’s curves were replaced by parabolas.

The present report contains ~ gener~l nonllnumizad
aoqrorimatlon method for the three-dimensional. axially )
s-frm~etricalmoblem which, partly by graphical r~.>re.
sentation, ?artly ?3Tcalculation, $ives the flow under
prescribed in$tisl ccndlticns by 9 ra~i:~ly converqlng
nrocess of Iteration. In the exam~les that were calcu-
lat63f5 sc far, the accuracy is ~mactically fi~lly sufficient
L{ Busemann,

c%
ik H db h der hxperlmentalphyslk

● Iv, 1, S. & ‘jf: I&::s :;31 , Akademlscbe
V3rla~sgesellsch.

=.1.?usemann, Drucke auf Xe~elformig6 Spltzen bet
‘i%me~~g mit Uberech.allgeschwindi kelt. Z.Angew.

8fi!ath.u.l+jech.Bd.~(1929), sy~.96/!!9. .
‘M.~. Bourquard, Ondes 3allstiques Planes Obliques et

Conlques Cometes I?endus PerIs, Ed. 194 (1932)
s.&h/*t ,

4G.I. T@or and J. “---Maccoll, T~.eAir pr~~sure on a
Cone Moving at Hl~h Speeds, Prcc. Iloy.5oc.A, !M. 139
(1933) 5.27V31L

5Th.v.K~rm& snd H.P..l?oore,~e~istance of Slender ;~dles \
l’ovin~with Suosrsonic Velocities with Special ~efer-
snce to Projecitles, Trane.Amer.Soc.l~ech.!ng., June 1~~.

‘C. I%rrarl, T)iscusston Comment, Volta-5ongress Rome
Reports 1356, s.362/366.
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after one or two Iterations, aqd is accomplished with”
uroportlonately little Ioss-of:time.- .“ -“

lkthematically the method, like the approximate.
method of Prandtl and Busemann, is based on the charac=.
teristlcs theory of the hyperbolic differential equations.
In the plane problem, based on a Legendm-lamsformation,.
the construction can be achieved by means of a fixed
(that is,independent of the initial conditions) net of
characteristics of the f’leldof velocity (epicycloid
net in the ease of ideal gases); in the three-dimensional
axially symnetrlcel problem, however, an analogous
sl.mpliftcation is not possible. Rather, both the net”
of characteristics of the flow field ( = net of hfach~s”
curves) nnrlthe corresponding net of ckaracterist~cs of .
the t’ieldof velocity vary with the initisl conditions’
of the flow.

In pmt 11 the method is developed theoretically
and its precticsl cxecutlon discussed @enerally. -In
Dart III the method is applied to the construction of
rotationell.y symmetrical nozzles. No compression shcol?s
occur; the changes of state may be essumqd .to be isentroplc
throu~~out. There will be a later report on applications
of the method with the addition of compression “shocks
(axial flow of missiles, a7i911y symmetrical free outflow
with excess pressure).

II. DWELOPKNT AND I!%SCRIPTICZ CF TEZ METHOD

1. Fotential Equation of the Three-Dimensional

.AxiallySymmetrical Supersonic Flow

The flow is assumed to be stationary, free of
friction end vortices, and moreover axially symmetrical
in relation to the x-axis. All changes of state are
adiabatic, the pressure p is a unioue monotonfo
function p(p) of the density p. ?~ealso sssume the -
flow velocity at ev~ry point to exce~the local sound-
‘velocity.

Because of the absence of vortices the vector of
velocity MD may be derived from a potential, therefore

“MD = grad q

(Note: MD was substituted for ~ In the German report. )
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Due to axial symmetry, for an Introduction of the
oyltnd.ri~al-coordinates x, r, $, the vector MD wjll only
depend on x, r, but not on *, and will alwgys lle in
a ple.ne through tb.ex-axis. Consequently the flow i.s
the same in all planes through the x-axis end needs,
therefore, to be examined only in one fixed x, r ~Jlane.
(See fig. 1..) The velocity components u, v and the
potential. function q me functionc of x and r.

‘l’heequation of continuity

dlv (p MD) = O

Is specialized, because of the axial symmetry, to

From this resu].ts. after execution of the differ-

On the other hand, there
equation

()“2 + #
d 7.-

result from Pernoulllte

+d&
=

P“

md from the equation f’orthe velocity of sound

C2 = dP
q

the relations .

(2)

(2a)

,

(3)

(4)

(3a)
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~y insertln- (3a) Into (2a),
?)

and after introducing
Q’ accordin~”to I ‘th”ereresults the potential-equstlon

1
This equation differs from the potential equation

of the plane problem only be the addition of the last
term: naturally it Is of hyperbolic
ment~oned equa~lon~ The.list term,
the Legendre-transformation

t~e like the last
however, prevents

.

(5)

Q = IJX + vr - q

of the dlfferentl~l eqnntlon (5) from I.cadin& to n net
of characteris~icr independent-of the hltl~~ conditions
and fixed once arlr:fcr Ell In the u, v - plane.

i 2. Transfmmatlon of the Potential Equation
i

;Yestart frcm lWchls net of curves covering the
field of flow and assume in each point F of that field
an oblique-an~l~lcr systm of’coordlnatms ~, ~ adjusted
to Mach?s net of curves. (See fig. 2.) The tangents of’
Mach?s curves in P are the axes of the system of
coordinates end the positive axis directions include with
the flow-vector ML) In P the acute ?techangle

.,

a = aro sin ~ <;(% 2+V2)=U (6).

The potential equation (5) assumes a very simple
form when transformed to Machts net of curves,that. ls,lf

. .—. . - - -
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In the first three terms on the left side OF (5) the
different.iaticns with respect to x end r are replaced
by ti~fferentiatlons in the system of coordinatesone now o:t;l:~
which Is variable from ooint tc point.
ttiedifferential equation

(7;”
I I

uncn which further examinations sre tqsed.-

Because of the coincidence of the velocity vector MD
with the x~ a~ls at the point P the equations

are valid. ?quation (9j, by %L}in:’ (6) into consideration,
at the point P is therefore slmr~lifled to

(9)
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The transition from the xl, y’ system to the gs n
sfsteh.lb madd by means of the transformation eque.tions
easily derived from figure 3.

q=
~?

-g= 1. (X1 sin a + y? cos a)coe a sin da

and the resultlng rules of differentiation

(9) will Mcome (7),

It should be ncted tkat ths Eeneral theory of the
tbwe-dimensional axially symmetrical supersonlo flows
as well as the linearized anFroYL~mtion theor~ can be
based on the potential equation (7”’ In the first case,
a and the ~,rl system of coordin~~es are variable from
point to point; in the second case a constnnt mean value
is inserted and the 3s T system of caordlnates Is .
assu?nedfixed f~r the whole region considered.

3. “Differentlal Equations of the Components of Velocity

l%om the potential equation (7) differential equations
for the vector cf velocity are derived. To this end the
vector MD of the point P is split up into the

..
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components w parallel and perpendicular to
the ~ axts $~~ %: the comnonent( W-,n,w n, parallel
End perpendicular to the q -ixis,respectively, (fig. 4);
naturally~ .

w.~ =W
s- n??

The changes of the components w

&
P’ ‘W

that take
place when the point P is displace . while the ?iSq
system is retained are denoted the ferential
quotients

Then tkere results from (7)

F!EEzEl ’11)“
Derivation frnm (11):
~ir~t, any two ~J(’ints P’, F’f on the a~e~ of the

::er,con~idered,system of coordinates pertinent to the nol.nt P
For the components of the velocity

vectors lfib~,~1~ of these points parallel to the
coordinate axes (fig. 5) one has

(+)a (+!bw?
~P = x’ p, cog a ‘. Y’ ~, ‘in a

e)
W“up = :,

()

am
cos a + b7 hfn a

Pn .P’f
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and, taking (10) into conslderatlon,
... . .

b

‘,

9

Ry moving the points PI, P“ towards P there results
for the differential quotients taken at P

and, by differentiating a.@n,

By insertin~ these terms, equation (7) chan~es to the
equation that hmd to he provedr (1.1)s

]~.Geometrical Iriter:~retatfon

In order to Inter--metthe dlf’ferential emations (11)
In a graphical way, we replace them by the di~forence
equations

. (12)

In words, they can be described as follows: (See fig. 6.)

In order to transfer from the velocity vector MD
cf a point F’ to the velocity vector MD! of an %dlacent
point P~ on Machss llne of’the first group (~axls),

4

—.— —-
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the vector AwrD which can be calculated from (12) must

be added to the’”vector MD in the dlrectlon of I!achls
line of the secrnd Ercup (q axis). Moreover, another
vector Aw~ is added perpendicular to Awm. The
length of this vector, however, is not deter’rninedby the
differential equations (12).

The analogous relstlons ~~e valid for the tr~nsit~on
from R12 to th~ vector of velocity !@ of ~n adjacent
point Ptl cn Mach’s line of the second group (T axis).

At a -greatdistance (r) from the axis of symmetry the

3last term ~ br of the potential. equation (~) is negll@ble.

‘1’h”ethree-d~mensional exlally symmetrical problem is then
specialized to the plane problem end the equations (12)
are replaced by tke simler equetions

‘wgP ‘AwTP=O

They ~xoress the following well bown stata o.f-piano
su:epscnic flows. (See fig. 7.)

The difference vect,or XDt -
the Nach.llne of the seccnd grou~
through ~; the differ~nc~ vector
lar to the x~ch lina of the first

~. Reclwocal Nets (ltStreckenzllgnetzell) of the5.

Flow Field and the Velocity Field

Here ~lso, as in the method of Prandtl snd Eusemann,
the continous nqt of hbchts curves will be replaced by a
net of discrete lines which will be called, ~bbreviateiy,
Vachts net. Constant veloclty”of flow is ~ssumed in each
w.esbcf l$ach~snet. Tc each mesh of l~chts net there
corresponds, tbcreforc, 8 certein pcint of the field of
veloclty thgt is the end point cf the vector of velocity
MD drawn from a fixed zero Doint O. 6y this corre-
spondence n second net of lines is related in the field
of velocity to Machfs net of the field of flow. (See
fig. 8,) This second net will be called the velocity
net.

— —.—— —, .- ■✌✎✌ ✍✌ ✌✎ ✎✎✌✌ ✌� ✍✌✌✌✌ ✌ ✎ ✎ ✎ ✎ ✎✌
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While in the plane
the two nets are always

11 “

problem corresponding lines of
perpendicular to eaoh other, in

the three-dimensional-axially symmetrical ease the &elation
between the two nets is determined by the difference
equations (12). For every three quadrangles of Maohts
tiet1,2,3 having a common corner P and their corre-
sponding points 1,2,3 in the field of velocity there exists-
the relation shown in figure 9 based on these equations.

If one draws the lines Aw ~ and Aw~; respec-

:tively, at the end points 1.2 0 the vectors MDl, ma
parallel to the common sides of the quadrangles 1.3
and 2.3, respectively, the perpendicular lines erected
at the end points of these lines will intersect the end
point 3 of the vector llD5.

In the dete~inative equations (12) for Aw p, Awm

$the rOllOfling terr~swill have the followirlgmean rigs:

a 1/2 of the angle of the quadrangle 3 at the corner P

r distance of the center of the sides M
the axis of symmetry 13 ‘r ’23 ‘rm

ml + MD3 or
v component of the mean velocity vector

Klh + ED- 2

2
~ perpendicular to the axis of symmetry

AZ= S2S3 ~
Sls 92s 93 = intersections of the diagonals

Aq = S1S3 z

J
@’ the quadrangles 1,2,3

The signs of A~, Aq and of Awgps ~~
T

must be chosen
according to the stipulation establlshe in paragraph 2
with regard to the positive direction on the & and q
axes.

6. Principle of the Approximation Method

The problem of finding a three-dtinsional axially
symmetrical supersonic flow with.given initial conditions
is replaced by the task of ascertaining two nets of
reciprocally related llmes in the way described in
paragraph 5.



E

The nets of liries In questlcn can be constructed to
nny degree of @ccuracy by the following method of iteratian.

(s) ~hst approximation (~r), (cI).- Ar~Whf~rst

ap~roximtion is obt=n~d by determining the flow either
for the whcle fteld of flow or in linearized approximation
by zones. One then obtafns a net of parallelograms formed
by two grou~s of ~ersllel strai&ht lines as a first
a~Pro%i~~t~On of ~~chts net (!tiI).The first approximation
of the net of velocity (~1) results from the equations (12)

with Machfs ccnstant anQe a with the ~, T system of
coordinates rem~inln~ constant. !?orthe execution in
detail cGmpare ~arq~a.ph &(a)6

(b) Seconfispnroxlm~tion of bhchfs net (M1l).- Machts

directions ~re drqwn at the Intersections cf diagonals
of the quadruples of Mech~s net cf the first approxima-
tion (hlI). (See fJ.~.10. j These directions result from
the vectors I&q of t,bgcorresponding points of the first
aqmoximatlon of the ‘velocity net (G1). They ore obtained
by means of the substdinry ellipse eyplelned in para~ra~h 7.
The first annr~~~,~qtion of M~c~l~snet Is cOrrected by
interpol~tion between the new Y~ch directions, end a seoond ~
net of lines i~ obtslned ns tko second afiproximetlor.of
Machls net (?&I).

(c) Seccmd ~~orc~imntion of the velocity net (G1l).-

‘Theincrenentc As?? 9nu ‘%P are c~Iculated with the:>9
aid rf the equations (12). The le”npths A& Aq and r
are taken from tha ~econc!gp~roxirnstion of ifi=kJ1s net
(M1l) accordin~ ta pe.ragrsph 5. ‘.ath v am~ 32n2G rusult
from the first apnro~imation for the velocity net (G1). ~hen
v is the c~gpc~e~: of the mean vectcrs”or velocity
ml+m~ .3 ‘2

2’ 2’
etc. (fig. 9) oerpendiculer to

the axis cf symmetry; sln2 a of the vectors
MD1 + lvlD~

mq + 1MD2 2
etc. is deterr,incd by means of Q nomogram9

L

eccordln~ to ~ar~[~raph ?, Starting from the ~iven initial
conditions, the second ~p~rovlnetion of the velocity net
(311) can then be klilt u? ste~ by ste> from the calculated
lengths Aw

Q’ ‘Wv:w
to any two vectors ml, MD2 the

acldition~lvectcr 3 1s constr’~cted ~ccordtng to
figure 9.
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(d ) Third and hlpher apnrox.imations.- Third
...- apprQ~ime tions ma

Ibd’di’h
e same way as the

second ~ppr”oximi”ton’:“w%ev~bt%ned from’the’first -
approximations, eto. The construction is discontinued .
as soon es M~ch~s net of the lsst approximation conforms
to Nachfs net of the following approximation within the
limits cf accuracy of construction and interpolation.

The rule of construction Is made cleer In section III
by examples of application which demonstrate the rebid
convergence of the method. The construction ends with
sufficient accuracy after a few iterations which involve
only e moderate loss of time.

The necessary calculations consist of multiplica-
tions and divisions only; the accuracy of an ordinary

. sliderule is ample.

7. Nomogram for a and sin2 a .ss8 Function of MD

As usual, a subsidiary ellipse traced out on
tr~nspsrent ppger or celluloid (fig. 11) is used to
ascertein lt?ch~s cngle, under the assumption of the
isentrc~ic equation of the ideel geses. Cn the scale
chosen for the velocity net the small half-axis of the
ellipse corres~c)nds to t~e critical velccity c’: and
the lsrge half-~xis tc tke maximal speed Wmax; there
exists the known relati.cn

with k = cp/cv (Cns Cv = specific heats at constant

pressure snd volume, respectively].

If the subsidiar
T

ellipse is adjusted to a velocity
vector (two solutions the large axis indicates the
direction of the o~e coordinated Mech direction; the
corresponding value of sin2 a may be read from a circular
scale rigidly connected to the ellipse.

The elllpse Is used for drawing in the corrected
Mach directions into Mechls net accordin~ to paragraph 6b
(adjustment of the vectors MDI, MD2, etc. of the
velocity net); it is also used for definition of sin2 a

--— ..
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according to~p=+a~aph
ml + MD~ ? 3

2’ 2’
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6(c) (adjustment of th~ vectors

etc).

T-HEMSTFOD TO THF CONSTRUCTION

OF ROTATIPNALIY SYMMETRICAL NCZZLES

(1) The axially symmetrical source flow in a conical
nozzle,

(2) The correction Of the ccnlcal nozzle for parallel
outflow will be treated ss examples of application.

The axially symmetrical source flow was chcsen for
the reason thct it cm elso be determined by exflct
calculation so th~t both results can be compared.

In the case of the nozzle corrected for omall.el
cutflow the course of flow cannot be comqared in detoil
with an eyact soluticn. There is, however, an effective
control suoplied by tbe diamet~r of the exit cross section
which cen easily he calculated from the condition of
continuity.

~. Source Flow in Conic~l Nozzle

Tbe conical nozzle Is to have the h~lf an~le
w= arc tanl/~; its meridian ~eotl.m LS shown in
figure 12. The cone vertex is assumed to lie at the
initial point cf the x, r system of coordinates.

The following initial conditions are prescribed:

The Initial velocity along the arc circling the cone
vsrtex which goes tkrough the meridian point A (x = 40 cm,
r = 5 cm) iS given by the hmch number ~ia= w9/c8 =@ s 141;
then along this arc there is in addition

‘a
‘a = !+50,Ma* = ~= 3.03Q3(C* = critioal velocti.y)

. .
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‘&e~.fli,rectlonof the critical vplocity is presumed to be
purely ra~i~i~thet Is,coming frdm the”cone verte~i

(e) First a~groximation.- In a first approximation
the flow is determined according to the linearized
theory that is under the assnmptlon of a Mach angle
constant for the whcle region a = ae.

Mach’s net (MI) (fig. 12J consists of parallelograms
limited b mrallel straight lines with the inclination
*aa = ~k5g ‘toward the x-axis. Only half of the
parallelograms adjacent to the Initial arc of circle,
the meridian line, or the axis of symmetry ere drewn In
fiumre 12.

The vector of velocity for the meshes of the net on
the initial src (1,2) is &iven by the initial conditions
and can bc transferred into the velocit~ net (G ) or (G1),
resci=ctively. (See fi~. 12. ) ?T>e vector of ve ocity for
the iq~~t of the meal-es is constructed section by section
from A-*D, AWT ; as a boundary condfltion, tk,efact has
to be co%=lderd~ thet for the mes>es of the net adjscent
to the contour (5,9) and to tlm axts of symmetry, respec-
tlvely, (l.#1,$,12)the directicn of velocity 1s riven by
the contour and the axis of symmetry, res~Jectively.

In column 1 tho numbers of the two sdjacent meshes
of’-Mechlsnot ~re ~tven fOr .~~hich Awp and Awqp,
respectively, are to be calculated. ~~e values of r
and Ar,,Ag in the second and tkird column qre tsken
from (?il)according tc peragraph 5. In the fourth

column we find values crudely estimated v(o); AWLP (0 )

and Aw-(0) in the fifth column are calculated from
these ;~lues by mes s of the sliderule, based on the

Ys n2aa
relations Aw2~ = —

Sin2aa
—Vhg

>L r ‘*q = & ‘C’ ‘w~P = r

~rAg
The net of velocity (Go) In figure 1

ti
s constru t d

from the rou@ approximation velues A%S 0 ??and Aw 0~p
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of column 5. From tkls net of’velocity (Go) corrected

values ~(l) are inserted into the sixth column. And

corrected values ‘1) and Aw~~wg?
(1) me ~alc~lated

from v(l) In column 70 These values supply the cor-
rected net of veloclty (G1) In figure 12 which will be
used!as a startin~ net fcr the gener~l nonline~r
aoproximatlon method.

(b) Second approxlmatlon of Mach’s net.- Corrected
Mach Irecttons are determined from the VelOclty net (GI)
(fig. 12] according to peragraph 6(b). A subsidi-y
ellipse is used. ‘Ikecorrected directions are drawn in
the M~ck net (MI). (See fig. 12.) By interpolation
between these corrected Mach affections there results
the second ap~roximation of Mach?s net (M1l). (See
f:g. 13.)

(c) Second approximation of the velocity net.- The
corrected velocity net (GIfj (fig. 13) instead of (G1)
will be used for the first iteration in crder to accelerate
tke conver~ence. (G1f) is constructed po~.ntbypnint hy .
transferring the diagonal intersections of the meshes of
the net (MII) tc (I:I);%1.ecorresponding vectrrs of

velocity ape then nscertain~d from (~1) by interpolation.

‘b’ “% sre cqlcul.ated from (M1l) and (G1’)

according to table 2; the cOrrected valoc~ty net (GII) is
then constructed from t~-.elengths calculated in this way.
(See fig. 15.)

~irec(d) Third a~proxim~tion.- Newly corrected Mach
ian~ are dram in [1YII) h the next tterati~n steP

according ‘to (Gil]. By intergolaticn there results the
third approximation of’lkchfs net (Mill). (See fig. 14.)
In table 3 the lenFths AWLP, ~~m are calculated again,
based on (M1ll) and (G1l); hereby tl:athird apcmoxlmation
of the velocity net (&lI) is supplied. (See fig. 14.)

The corrected Mach directions obtsined from (G1ll)
conform so well with the net (M1ll) th.ctno further
Iteration 19 necessary.
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rFirst approximation (llnearizedj; corgare figure l;IL

1 2

No. 2r

7 4
1/ 1.7

L
.9

..; 1.5
2/5 P.2
5/6 8.7
3/6 )+.7
6B .5..3
4/ 1.5

i
/2 27

:/9 ~:
9/13 9.4
:7/10 6.0
lc/11 6.E!
fi/11. 2.2

11/12 2.3

2.2
2“5
2.3
2=7
2.5
2.7
2.3
2~7
;-Z

2:3
3.2
2-7
3.2
3,2

. . .- A

h

Jo)

~
.CL

‘“3● b
.12
.1’
P$

● --

rip
● d-

. C2

.L3
,+
.lC.-.
::?
● C2
“7.U

~(l)

7

O.c 9
7

●c.~1
.046
,0!}9
.~43
.C52
“:3●L

.C5?

.C35

.256

Scales: r, A~, Aq in pm~j
v, 111 are referred toD.
the c;i.t~calvelocity as
a unit represented by a
length of la cm.

,

.
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FLOW IN 4 CONICAL NCZZL~ “

~econd approxlm~ticn; compare fi~re la

11712
7/12
p/13
3/1.

?13,/1~

7
,/1~

1 @r
:;$

12/1
117/1

1 /19
i1 /19

14/19
19/20
15/2c
20/21

I 1.5
.6

i
.5

314

A~ I 9in2a
Aq

2.C
1.9
2.3
1.5

1“5
2.2
10P
2.5

,2.0
2.2

2.!)
2.7

3.2

5

v

.15

.17

.1
7

● 1.+
● C19
,09

::{
.19
● 19
.17
.16
● 13
.12
‘.08
.C7
.02
●i12

6

AWP

c ,022
.025
.046
.022
● 022
.G26
. c29
.03
.02

i.01 “
.C1.6
.C1
● cl?
.029
.021 “
● o~!~
● Cd+
.02
.02&
.c38
.Oz(j
.030
, Q~3
.c27

“. C20
● 021~
. C“20

4

.02
●0
.C!l

Scales: as in table 1.
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TABLiZ3

.. . ., .FT,OW IN A CONICAL NCZ~E .

II 1Third approximation; compare figure 14

1

No.

l/1+
2/
7
l/?

$3$

2/e
E/9
5/9
9/lo
6/10

10/11
7/’11

1.1/12
c/1

13/1t
~/1~
14/15
l@/1~
15/16
11/lL
16/17
12/1’
17/16
14/19
19/20
15/2c.
20/21
16/21
21/22
17/22
22/23
18/2
23/2i

2

i

3

ATI

2.1
1.

1
;:1

1.8

:$

1.2

1-5
2.3
1.6
2.2
1“7
201
1“5
l.?
1.6
295
I97
:j

2oi
1*9

$:;
2.7.
2*4
2.7
2.7
2.1
2me
2.3
2.
3.8

4-
sin2a

Formula: [
Scales:

.(
as in table 2.

5
v

0..02
● C9
.06
.06
● 02
.01
.15
,12
.13
.Ic
● c~
.c6
:?● u

●u
“I
:;2
● 17
● 14
.13
,10
,09
.c6
.05
.01
,LJ
.;$
..17
,13
● 12
.c’&
● 09
.06
.05
901
,C3

6

Aw
P

0.032
.026
.026
.032
.023
.015
.021
.020
.c25
.022
.C2E?
● C22
. &24
● G17
.(J13
.cl~
.025
.C22
.C3C
● (J22
.c26
●C’23
.Ol?
.C’(39
● 021
.02e
.027
.026
.022
.025
.01
.C28
.014
.014
.027

19

.
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9. Comparison with the Exact Solution

The flow in a conicnl no~ule uhlch was determined by
approximation in paregraph e is a three-dimensional
source flow and can glso be found by exact calculation.
If R denotes the distance from the cone vertex there
results from the continuity equation

end the pw relation of the ideal gases

(p = static values, k = Cp/Cv) after a short08 P.
calcultition

H
-1/2

R=Cxc~+

with the integration constsnt C. In our example
c s 3C,31 cm nnd k = 1.4.C5(atr) are to be used.

A comparison cf the sclution obtained by our
~aproxirmtlon methcd with the.exsct analytical solution
shows almost ”complete confcrr;ltywithin the llmlts cf
gccur~cy of construction.

In fi~~re 11+the third qprG~imatlon of the velocity
net (G1ll) is contrasted with the ezact velocity net

(‘theor )Q The Inaccuracy of the ep~roximctions (G1),

(~11),(G1
$$

) can be seen
the veloc les again are
velocity c:: as s unit.

in the following table wh&&
referred to the critical

,

-r . .—__._— ----- ---
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First Seoond Thtrd
approximation epproxtiatlon approximation

No ● ‘G1 ‘theor No. 1?0.
‘%1 ‘theor ‘G1lT ‘theor

16 1.
2’

be 16 1.46 1,.48 19 1~53 1.54
1
i

1. 6 :.:5; 1
8

1.52 1.5” 2(! 1.
1

$
1. 6 1.61 z1. c 1. 1 21 ;.~g ::~~

19 1. 3 1.67 :9 z1. 2 1.67 22
1.89 1.7

:: 1.93 1.7z :?
::$~ ;:~$ :? ::;; ;:g

It Is especially remarkable that the method cotwerges
raoialy in spite of the very crude first approximation.
It is, therefore, not necessary to waste much time on
finding the first approxlmatlo~; it is sufficient
determine it by e rou&h estimate.

10. Correction of the Conical Nczzle for Parmllol

to

outflow

The conical nozzle is now carrected for Yarellel out-
flow; the veloclty cf the parallel exhaust is to be given
by the M~cb number M = 2.12 W’ich h~.dbeen obtsined at
the axis pcint 1: of the conical nozzle in conformity
with the third approximation (M1ll), (Gill). (See fig. 14.)

The corrected nc.zzl~resl]lts from adjoining a new
Mach nOt (~) tc the R?achnet (~111) of the conical .
nozzle retained unchanged up to mesh 1~ Inclusive.
(Compare figs. 15 and 16.) The net (k+:)is determined
according to our approximation by the new-boundary
conditions: these latter stipulate that in the meshes
14 - 1~ of the net (M1ll) the veloc~ty shall remain
unchanged and thet in the newly added meshes denoted 18,
the same”velocity shall prevail as in mesh 16 of the net
(MI1l).

(a) The first approximation (MI*) of Mach!s net
(fit. 15) is roughly e6titiated; the common sides of the
quadrangles 14, 1 ,

?
16, 17, 18 were prolonged rectilin-

early from (M1l .
1

(M1~~)is not a net of parallelograms.
The first approx mation 1s, therefore, not linearized.

.a .... -..,,., -.-+.. .—
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Based on (MI*) AW “; Awrn are calc~zlated in table 5;
sin2a and v alwaya 8$&ld fo% tke first of the two
meshes given in column 1. From Aw~F, Awq~ the velocity

net (G1*) can be constructed. (See fig. l?.) For
~r~ater clearness (GJ*) is drawn in ~ parts over one
another.

(b) (c) In tba same way as (~1 ) and (GII) were
f)derived by Iteration from (M ) and G1~

i
in paragraph ~,

here the corrected nets (M1l ) ahd (G1l~&)(fig. 16) are

cbta~ned from (MI*) and (G~*): The pertinent c~loulation
of hw~p, AwTq is given”in table 6.

2 ,<

First apyoxlnation (not llnearlzed) ; co~pare figure

1

18/1~
l?/ly
lp/~c
16/2G
26/21
15/.21
21/22

$
1 /22
1 /25
1.9/2
23/21
-20/2!~
2$/’25
21/25
18/26
23/26
26/27
21L/27

3

s in2c
-— -
(,.[~~

‘5
:55
.27
.25
.30
.27
935
.Go
.25
.23
?● -
.2i
,;:,C

.23

.22

.24

— . .

5 6

LW*
.,——

-C.GO(I
.c2n

-.Ooy
..022
-.@l~
.(J2O

-.~z~
.223

-.O’)C
.Cll

- ● 503
.019

-.00J
.:23

-.CC)O
.005

- ● 002
.011

JFormula;
Scalea:J

as in table .2.
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CORRECTION OF’THE CONICAL NOZ2XE

.

23

,.. --

FOR PARALLEL’OUTFLOW
. . . .

1’

.w?:..
18/19
17/19
19/20
16/20
20/21
15,/21
21/22

k
1 /22
I /231?/2

723/2 +
:;$$

2~/i5
18/26

‘23/26
26/27
24/27

2

r,

Formula I
Scalo8:

.

-2.1
2.7
-2.2
“2.6
-2.6
zm~

‘2 ●

“1
-5:2
3.6
-2.]
3.d
-~.o
“3*3
-2*3
3.8
-2,6
?97

-

4

sin2a

C.2
.2t
.%4
3

●-
.2 z
.29
.3!2
.33
‘3
:53
.23
‘5
:;5
.26
.22
.22

:$ 2
-

I as In table 2. “ “

5.

v
-
C.02

● 01
.0i
.Cs
,10
.11
.1
.12
.C1
.03.
.o~

$
.!)-
.0
● 12
.C1
,02
.C3
.06

I

6

Aw; “

-O.OO(;”
..C1 2
-.(211
.021”

-.018
“.G22
-.C22
.024

-.C)C1
.007

-.C’or
,01t

-,009
,020

-.001
● ao~

-.G03
.011

. J.

. .

...

The Mach directions correoted aocordin~ to (GT.*)
..
b

~

conform so well with (M1l*) that .the.it~rat~on wlt~L(&l*)

can be discontinued.
.. ,

..”. .

m The required meridian section of the nozzle cor-
rected for parnllel outflow Is found by drawing straight
lines in the meshes 22, 25, %4, 27, 26 cf the net (M113*);
these lines run In the directicn of the veloclty
vectors that correspond to these meshes as inferred

from (Gil*).

.“
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For control, tlw diameter of the exhaust cross
seotlon oan be calculated exactly ?rom the oondltlon of
oontinulty. There results nearly complete agreement:

r graphically = 6.55 om; r theoretically = 6.b9 cm

In flgnare17 the rotationally symmetrical nozzle
e~rrgcted for pauallel outflow wh.ioh was found in figure
is contrasted with the corresponding plane nczzle. In I
both cases the flow starts uder the same gemetrh
initial conditions as a source flow with Ma = @S1.@
and ~ndc in a parallel dutf’low~Yj_ti the SLWKJ Mach ~qqbe~m

IS= 2*12.

IV, “SU?tlLARY

The potential equation was transformed into a
system of coordinates adjusted to B!achcsnet of curves
and variable fkom point to point; there resulted a
partly graphical, partly analytical method of iteration
for determinlzzgthree-dimensional axially symmetrical
supersonic flows. This method was applied to the
examination of the flow In a conical nozzle and to the
correction of a conical nozzle for a parallel outflow.
It will take about an hour to determine the first
approximation of the flow in the conical nozzle and 1
to 2 hours to determine all the higher approxlmattons;
the correction of the nozzla for parallel outflow also
is easily accompllhhed in 1 to 2 Eours. T@ accuracy
of the approxfinationmethod was tested by oomparlng the
-results with the exact theoretical ones; there.i’esulted
within the accuracy of construction nearly complete
agreement.

16

Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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Figure1. Explanationof the notations.

Fig.1,2
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Figure2. ~ ,
?

systemof coordinatesof Mach’snet of curves.
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Figure3. Transformationof coordinates.

Figure4. Componentsof
to the

$
axis

velocity paralleland perpendicular
snd the~ axis.
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Figure5. Differeniationof the velocitywith respectto

<an’?”

Fig. 5
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Figure6. Changeof the velocitiesalongMach’slinesin the
three-dimensionalproblem.

Figure 7. Changeof the velocitiesalongMach’slinesin the
planeproblem.
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Figure8. Mach’s net and velocity net.

Figure9. Distributionof velocityfo} threeadjacentmeshes
of Mach’s net.
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Figure 10. Explanation of the construction of the second approximation
of Mach’s net.
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Figure 11. Monogram for CX and sin2CX as a function of MD.
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Figure 12. First approximation for source flow in conical nozzle.
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Figure 13. Second approximation for source flow in conical nozzle.
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Fig.14

Figure 14. Third approximation for source flow in conical nozzle.



Fig.15,16 NACA TM No.

fl~

I
I

–.-i._._ —— —.

First approximation for correction of
nozzle for parallel outflow,

24
27&f

.+!-. — .—. — .—. — 26%
; -r-— -—-. — .—. ——-—---- _/v/c*,R

1133

Figure 16. Second approximation for correction of the conical
nozzle for parallel outflow.
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Figure 17. The conicalnozzle, correctedfor paralleloutflow,
contrastedwith the correspondingplane nozzle.
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